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ABSTRACT

This paper is devoted to the relations among affine symmetric spaces,
smooth Bol and Moufang loops, smooth left distributive quasigroups and
differentiable 3-nets. The results are used to prove the analyticity of
smooth Moufang loops and left distributive quasigroups with involutive
left translations as well as to show the Lie nature of transformation groups
naturally related to some classes of smooth binary systems and 3-nets. In
the last section we establish power series expansion for local loops with
weak associativity conditions and apply the rfiethods of the previous sec-
tions in order to describe geodesic loops having euclidean lines either as
their geodesic lines or as geodesic lines of their core.

§0. Introduction

Although the theory of symmetric spaces has been used for the investigation of
local analytical Moufang and Bol loops ([20], [21] pp. 381-398, [1]), the relations
between global symmetric spaces, global smooth Bol and Moufang loops and
differentiable global 3-nets are until now not sufficiently explored. The main
body of this paper intends to fill this gap. We use the consequences of these
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relations for local smooth loops to establish power series expansion for loops
with weak associativity conditions and to classify special classes of alternative
local Lie loops.

At the beginning of the first section and in Theorem 2.9 we treat groups nat-
urally related to differentiable connected Bol and Moufang loops L by means of
the associated 3-nets. In particular, we investigate the topological projectivity
groups, the groups topologically generated by the left, the right and by all trans-
lations of L, the groups of continuous automorphisms, semi-automorphisms and
pseudo-automorphisms. The results are either generalizations of the statements
given in [2] or yield alternative proofs.

Motivated by the ideas of [1] we introduce on the horizontal and transversal
lines of the 3-net associated with a differentiable Bol loop a symmetric space
structure in the sense of O. Loos [18] using certain projectivities which are in-
duced by involutory collineations, called Bol reflections. The methods developed
in these investigations allow us to prove that the group generated by the Bol
reflections as well as the group (topologically) generated by the left translations
of a Bol loop are Lie groups. For the second result there is in the case of local Bol
loops an alternative proof given by Miheev and Sabinin [21], p. 424. For differen-
tiable Bol loops which are not Moufang loops the group topologically generated
by the right translations usually fails to be a Lie group because of its infinite
dimension.

A main result of section 1 is the fact (which we prove geometrically) that
every differentiable connected Moufang loop is analytic. This permits us to use
for differentiable Moufang loops the highly developed machinery of analytical
Moufang loops which has the same level as the theory of Lie groups; in partic-
ular all differentiable simple Moufang loops are classified by the simple Malcev
algebras. For differentiable Bol loops L we are able to show partial results in
the same direction: if the multiplication of L is analytic resp. of the class C”
then L is analytic resp. of the class C” (which means that the other two binary
operations associated with L are in the same category). At the end of the first
section we prove that every connected differentiable Moufang loop is a G-loop.

In the second section we deepen the relations between Bol loops and their
cores which are left distributive quasigroupoids and which have been studied by
Belousov [3]. If the core of a Bol loop is a quasigroup then it is isotopic to a Bol
loop which is a left A-loop and has the automorphic inverse property. The cores of
isotopic Bol loops are isomorphic. The main result of the second section concerns
left distributive quasigroups. We prove that any differentiable connected left
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distributive quasigroup the left translations of which are involutions is analytic
and that the group topologically generated by the left translations is a Lie group.

On the one hand, the left alternative loops generalize in a natural way the left
Bol loops. On the other hand, smooth left alternative local loops have local rep-
resentations as geodesic loops with respect to an affine connection with vanishing
curvature. Hence the multiplication of an analytic left alternative local loop can
be expressed by the power series of the covariant constant vector fields of this
affine connection. In this way we obtain similarly as Miheev and Sabinin in [20]
generalizations of the classical Hausdorfl-Campbell formula for the class of left
alternative local loops. Our formulae (see (G) and (H) in §3) allow to compute
recursively all coefficients of the expansion of the loop multiplication starting
with coefficients of the power series of the covariant constant vector fields. For
analytic left and right alternative local loops this power series expansion reduces
to the classical Hausdorfl-Campbell formula and shows that such local loops are
diassociative. As an interesting special case we consider geodesic loops with re-
spect to an affine connection V having vanishing curvature and euclidean lines
as geodesic lines and give a natural representation for them.

At the end of the paper we turn our attention to the class of differentiable local
Bol loops satisfying the identity z-(y?-z) = y-(2?-y). This class of local Bol loops
is characterized by the fact that the group G (topologically) generated by the left
translations is a nilpotent Lie group of class 2 which is equivalent to the property
that the local core of any such loop is a commutative local group. For the loops
L in this class we are able to reconstruct the tangent algebra of L in the Lie
algebra of G and to express in normal coordinates explicitely the multiplication
of the loop L in terms of its tangent algebra. From our representation of these
loops it is clear that the class of such local loops is really rich. But none of these
loops can be embedded into a global Bol loop fulfilling the identity z - (y* - z) =
y- (x? - y). Namely, we can prove ([27], §7) that any connected differentiable Bol
loop satisfying this identity must be an abelian group.

§1. Bol and Moufang loops, their nets and symmetric spaces

A set Q with a binary operation (z,y) — z oy is called a quasigroup if
for any given a,b € @ the equations a oy = b and z o a = b have precisely
one solution which we denote by y = a\b and = = b/a. The left translations
Azt y = zoy: Q — Q and the right translations p,: y = yoz: Q@ — Q are
bijections of @, and (z,y) — z\y = y\;!, respectively (z,y) — y/z = yp; !,
are further binary operations on Q. If a quasigroup @ has an element 1 with
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loxz =z ol = z then it is called a loop and 1 is the unit element of Q. Two
quasigroups (@1,0) and (Q, *) are called isotopic if there are three bijections
o, B,v: @1 — Q4 such that

a(z) * By) = v(zoy)

holds for any z,y € Q1.

Let C be the category of topological spaces, C*°-differentiable manifolds or
analytical manifolds. A quasigroup @ is a C-quasigroup if ¢ is an object in the
category C and the mappings (z,y) = zoy, (z,y) = z\y, (z,9) » y/z: Q? > Q
are C-morphisms.

A 3-net N is a set of points with 3 families (pencils) of lines — the lines of
these families are called horizontal, vertical and transversal lines — such that the
following conditions hold:

(1) every point is incident with exactly one line of every pencil;

(i1) two lines of different families have exactly one point in common;

(iii) there exist 3 lines belonging to 3 different families which are not incident
with the same point.

We denote by H the pencil of horizontal, by V the pencil of vertical and by T
the pencil of transversal lines.

It is well known that with any loop L we can associate a 3-net A'(L) with the
families of lines:

H= {{(w,y), zel}, ye L},
V={{(z,y), ye L}, z€ L},
T= {{(x,y), zoy=2z x,y€L}, z€ L}.
Conversely, every 3-net leads to a class of isotopic loops (cf. [2], p. 8 and [3],
p. 20).
A 3-net NV is called a C-net if the point set of A and any pencil of lines are
objects in C and the following mappings

g Hy N->H, Vg N-=Y and 2T N->T

assigning to a point = the horizontal, vertical, respectively transversal line
incident with z as well as the mappings

(H V) HOV:H XY 5N, (LHoTONHTxH N,
V,T)»VnT:VxT 2N
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are morphisms of C. The restrictions {G} x V - G, G € H, {G} x H — G,
GeT,{G}xT -G, G eV, of the last three morphisms show that any line of
N is an object of C.

If G4 and G, are lines of the 3-net A" and D is a pencil of lines not containing
G and G3, then the bijection G; — G2 which assigns to each point z € Gy
the point D, N G, where D, is the line of D incident with z is called the per-
spectivity along D from G; to G2. We denote this mapping by [G;,D,Gs).
Compositions of perspectivities are called projectivities between two lines. A
representation [, [Gi_1,Di—1,G.] of a projectivity m: Go — G, is called irre-
ducible if D;_; # D, (i =1,...,n—1) and Gj—1 # G, (j = 1,...,n). If the
domain coincides with the range, then we obtain a projectivity of the line onto
itself. The set of projectivities of a line G is called the group of projectivities
II(G) of G.

Let L be a differentiable loop and AN the associated differentiable 3-net. If L
is an n-dimensional differentiable manifold then any line of A/ is a differentiable
submanifold of dimension n in the 2n-dimensional differentiable manifold V.
Any projectivity of a line G onto a line G’ is a diffeomorphism and the group II
of projectivities of a line G onto itself is a transitive topological transformation
group of G with respect to the Arens topology ([2], §8, [10], IX.2). The topological
projectivity group 1 is the closure of IT in the homeomorphism group of G which
also carries the Arens topology. Since for all lines the projectivity groups are
isomorphic, we can associate with the 3-net A or with the loop L the topological

transformation group 8

The topological closures L and R of groups £ and R generated by the left,
respectively right, translations of a differentiable loop are in a natural way trans-
formation subgroups of the topological transformation group i ([2], §6). Al-
though for Lie groups it is evident that E, R and 11 are Lie transformation
groups, for differentiable proper loops the property of E, R and I to be Lie
groups depends heavily on the associativity conditions which are satisfied by the
loop.

A loop L satisfying the identity (z - yz)z = z(y - Tz) respectively z(zy - z) =
(2x - y)z for all z,y,z € L is called a left respectively right Bol loop. In the
following we use the term Bol loop for a left Bol loop. All loops isotopic to a
Bol loop are also Bol loops. Any such loop has the left inverse property which
means that for any element x there is an element 7! with 7'z = 227! =1
and z7!(zy) = y for all y € L. The loops satisfying the left and the right Bol
identity are called Moufang loops.
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Let ¥V be the pencil of vertical lines and let ), (i = 1,2) be the other two
pencils in a 3-net N. Let X, (j = 1,2) be lines from V and let z; and y; be
points of X;. Let A; € Vi and A, € V5 be the lines through z; and B; € Y; and
Bj € Y, be the lines through y;. We denote by C; and D the line from Y, which
is incident with A; N X2 respectively with By N X3; by C7 and D, we denote the
line from Y; which is incident with Ay N Xy respectively with Bo N X,. We call a
configuration consisting of the lines X, X5, Ay, A2, By, By, Cy, Ca, Dy, Dy and of
the points 1,1, A1 N X, BN X3, Ao NXs, BoN X9, C1NC, and Dy N Dy a non-
closed Bol configuration and say that the 3-net A/ satisfies the Bol condition with
respect to the pencil of vertical lines (or that the non-closed Bol configuration
can be closed with respect to the pencil of vertical lines) if C; N Cy and Dy N Dy
belong to the same vertical line X3. If a 3-net satisfies this condition we call
it a Bol net. It is well known that the coordinate loops of a 3-net A are left
Bol loops if and only if A/ is a Bol net. The coordinate loops of a 3-net A are
Moufang loops if and only if A satisfies the Bol conditions for two (and then for
any) pencils of lines. In this case N is called a Moufang net.

First we consider the topological projectivity group 11 as well as the groups
topologically generated by the left, right and all translations respectively in the
case of a Moufang loop in the category C.

THEOREM 1.1: Let L be a differentiable connected Moufang loop (of class C*).
Then:
(i) 11 is a Lie group.
(i1) The closure Mt of the group M generated by the left and right translations
of L in I is a connected Lie group.
(iil) The closures € and R of the groups £ and R generated by the left
translations and right translations, respectively, are closed connected Lie
subgroups of M.

Proof: According to Theorem 6.1 in [2], §6, the group flis topologically generated
by the sets A = {\;,z € L}, P = {p;,= € L} and by the mapping t: z — ™%,

The connected component I of the identity in I is generated by A and P
and has index at most 2 in 11 since 1At = P. The stabilizer ﬁél) of the unit point
e € L in the group O is the topological closure of the inner mapping group in
I (cf. [4], Lemma 1.2, p. 61). From Lemma 3.2 in [4] p. 117, it follows that i
is a closed subgroup of the group of pseudoautomorphisms of L. But this group
is a Lie group by Theorem 10.21 in [2], p. 55. Since oo / i is diffeomorphic
to L the group IV is a manifold and hence II is a Lie group (cf. [22]).

The assertions (ii) and (iii) follow from (i) immediately. |
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PROPOSITION 1.2: If L is a topological loop such that the group m topologically
generated by all left and right translations of L is a connected non-abelian Lie-
simple compact Lie group, then L is the classical Moufang loop of the Cayley
numbers of norm 1 on S7 or its factor loop on the 7-dimensional real projective
space P7.

Proof: From a result of Scheerer [29] it follows that the universal covering loop L
of L is realized on a sphere S™ with n = 1,3, 7; moreover for n = 1,3 the loop L
is a group and M cannot be a non-abelian Lie-simple group. Let now be n = 7.
Since L has an invariant uniformity (cf. [12]) L must be one of the two loops
mentioned in the assertion (cf. [11]). |

We remark that for the classical Moufang loops on S7 and P7 the groups
generated by all multiplications are the orthogonal groups SOg(R) and PSOg(R),
respectively. The corresponding groups of projectivities are the groups Og(R) and
POg(R) respectively, which are not connected.

THEOREM 1.3: Let L be a compact connected Lie Moufang loop. Then:

(i) The groups topologically generated by the left translations, by the right
translations and by all translations respectively are compact connected Lie
transformation groups.

(ii) The topological projectivity group TofLisa compact Lie transformation
group.

Proof: Let £ be the Malcev algebra of L. Then according to the results of
E.N. Kuz'min (cf. [14], [16] and [10], pp. 250-251) £ has a unique largest solvable
ideal, the radical R of £, such that £ is a semidirect product Rs where s is a
semisimple Malcev algebra. Let R be the solvable subloop of L which corresponds
to R and X,Y € R. In the Malcev algebra R C £ the elements X,Y generate a
Lie subalgebra. The closure of the corresponding closed Lie subgroup in R is a
compact solvable Lie subgroup and hence a torus group. From this follows that
R is a commutative Malcev algebra and the subloop R of L is a torus group.
Now the loop L is a product of the torus group R with a semisimple Lie Moufang
loop S such that R is a normal subgroup of L and RN S is finite. Hence, the
semisimple Moufang loop S is an almost direct product of loops of the following
type: compact connected Lie simple groups and classical Lie Moufang loops on
ST and P7 (cf. [14], [17] and [10], pp. 250-251). 1

Now we show that the theory of symmetric spaces can be applied in differen-
tiable 3-nets to give an alternative proof of Theorem 1.1 and for a differentiable
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Bol loop to prove the Lie nature of the group (topologically) generated by the
left translations.

PRrROPOSITION 1.4: Let N be a 3-net, L a line in N and = a point on L. We
denote by K? (p € Zy) the other two lines through z. The projectivities o

T
having as irreducible representations

[La xl’ Kg] [Kg’ Xa, K5+1] [Kg-H’x?n L]

satisfy the following properties:
(i) of(z) = z;
(ii) (¢£)? = id if and only if in N the hexagonal condition for the point z holds;
(ii) if o = [L,D,L'] with L, L' ¢ D then o~'oLa = oL, for all o if and only
if N satisfies the Bol condition for the pencil © of parallel lines;
(iv) if N satisfies the Bol condition for the pencil D then ofo ol = ol . for
all lines L ¢ ® and all points z,y € L.

Proof: The properties (i) and (ii) are trivial. The identity a~'ola = ok, holds
if and only if for every z€ L the following two quadruples of points:

{2,2,2[L, %1, KE), 2|L, X1, K?][K?, X, KET']}
and
{za, za, 20[L’, X1, Ki,), 20|l X1, K] (Ko, X3, K22} (pq € T)
together with the joining lines form the Bol configuration with respect to © and

(iii) is proved.

Now we show (iv). Since for every line G ¢ D and every point ¢t € G one has

(¢€)? = id, any projectivity atG can be represented irreducibly as

[G,Q_,), Dt] [Dt,xa Kt] [Kt)DyG] ’
where D; is the line through ¢ contained in the pencil ®. Let L' be the line
parallel to L through the point y[L,9),D,] and 8 = [L,D, L’]. Now using (ii)

and (iii) we have

L_L_L Ly—-1_L L'\-1p-1 L -1
Uyazoya£ =(0’z) Jy (Uzﬁ) B ﬂo’yo’f;ﬂﬂ :
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The last mapping has a representation

[L,D, K;|[Kz, X, D][D2, D, L)L, D), Dy|[Dy, X, K,
- [Ky, D, L][L,D, L'|[L', D, Kopl[Kop, X, Dapl[Dop, D, L]
[L',9, Dyorgl[Dyorp, X, Kyorpl[Kyor g, D, L'|[L/, D, L]
Z[L7@a Kz][Kx’ X, Dz][Dza 2, Dy][Dya X, Ky”KyaDa Kzﬂ][Kzﬂvxa Dwﬂ]
“[Dap, D, Dyorgl[Dyor gy X, Kyorpl[Kyor s, D, L]
=[L,D, K;][Kz, X, D] (D2, D, Dy|[Dy, X, D;][ Dz, Y, Dyor ]
Dyor X, K ][K D, L,

since Kyg = Ky, Dyop = Dg, Dyorg = Dyor, Kyo5 = K; and hence
[KyaD’Kxﬂ] = [Ky’g’Ky]-
We denote:

ay = [L7®’K$”Kzaanm]v Qg = al[Dm,Q_),Dy],
az = ag[Dy,x,Dz] and ay = a3[D$72)7Dyo£]-

The points yotay, yolas = y, yoLas = 2, yoLlay, 201, zas, 2zas, za4 (z € L)
and their joining lines form a non-closed Bol configuration. Since the 3-net A sat-
isfies the Bol condition with respect to the pencil D, the point zay is contained in
the line through za; which is parallel to L. Hence za4[Dy,r, X, K;] [Ke, D, L] =

z, which means ogo ool . =id and (iv) is true. 1
x

Let L be a differentiable loop of the class C*°. Then the associated 3-net N' =
L x L is a differentiable 3-net and the perspectivities [G, X, G'] are differentiable
mappings between the lines G and G’.

According to [18], p. 63, a symmetric space is a manifold M with a differentiable
multiplication p: M x M — M having the following properties:

(i) wlz,z) =z forallz € M,

(i) w(z,ulz,y)) =y forall z,y € M,
(iif) p(z,u(y,2)) = pp(z,y), u(z,2)) for all z,y,z € M,
(iv) every z € M has a neighbourhood U such that pu(z,y) = y implies y = =

forally e U.

PRroPOSITION 1.5: In a differentiable 3-net N satisfying the Bol condition with
respect to the pencil © of lines every line G ¢ ® is a symmetric space with the
multiplication u(z,y) = yof and every perspectivity [G,®,G'] is an isomorphism
from the symmetric space G onto the symmetric space G'.
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If e € G is the unit of a coordinate loop on the horizontal line G, then
yod =y~ .

If NV is a Moufang net, then every line G of N is a symmetric space with respect
to the multiplication u and every projectivity # : G — G' is an isomorphism of

symimetric spaces.

Proof: The properties (i)-(iil) of symmetric spaces follow from Proposition 1.4.
Let e be an arbitrary point of a line G ¢ © and L, be the differentiable coordinate

Bol loop on G with the unit element e. Then we have yoS = y~!

and yol =y
if and only if y = y~*. In the Bol loop L, there exists a suitable neighbourhood
U such that every element of U is contained in precisely one local 1-parameter
subgroup of L% (cf. [25]). Hence condition (iv) in the definition of symmetric
spaces is satisfied. From (iii) of Proposition 1.4 follows that any perspectivity
[G,D,G’] and in the case of Moufang loops every projectivity is an isomorphism

of symmetric spaces. |

The left, right and middle nucleus, respectively, of a loop L are the subgroups
of L which are defined in the following way:

Ny ={uluz-y=u-zy}, N, ={w|z-yw =2y -w}and Ny, = {v|2v-y = z-vy}

for every z,y € L.
The following statements show how the right nucleus of a loop can be
recognized within the collineation group of the associated 3-net.

LEMMA 1.6: Let L be a loop and N'(L) be the associated 3-net. Then the group
© consisting of the collineations of N'(L) which preserve all the 3 pencils of lines
and which leave every vertical line invariant is the set of mappings of the form
(z,y) = (z,yps) : L x L = L x L, where « is in the right nucleus N, of L and

Pa : Y ™ Ya.

Proof: If § € © then © leaves every vertical line invariant and maps horizontal
lines onto horizontal lines; hence it can be written as 8 : (z,y) — (z,y%).

The transversal line through a point (z,y) contains the point (zy, 1), too. It
follows that zy - 1* = z - y*. We denote a = 1?. If we put z = 1 we obtain
ya = y* or a = pg. It follows that zy-a = z - ya and a € N,. Clearly, this
condition is sufficient too. ]

Let A be a Bol net. Then to every vertical line G there exists an involutory
collineation 7¢ of N fixing G pointwise. If p is a point of A then prg is the
intersection of the two non-vertical lines meeting the line G in the same points
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as the two non-vertical lines through p. The involutory collineation 75 is called
the Bol reflection on G.

Since the collineations 7¢ (G € V) preserve the pencil V of vertical lines we can
consider the mapping 7 which is induced by the collineation 7¢ on the pencil

V.

LEMMA 1.7: For the map a : 1g — Tq there holds
a(TGI o TGZ) = a(TGl) : a(TGz)'

Hence the group r generated by the mappings 7 is a homomorphic image of the
collineation group I' generated by the collineations 7. The kernel of this homo-
morphism o is isomorphic to a subgroup of the right nucleus N, of a coordinate
loop L of the Bol net N'. The image of any stabilizer of a point p of N in T’ under
o :T — T is contained in the stabilizer of the vertical line through p in T IfT,
denotes the subgroup of I' consisting of products of an even number of reflections
Ta, then the stabilizer of a point p € N in Ty is contained in the intersection of
the stabilizers in T'g of the horizontal and of the vertical line through p.

Proof: The multiplicative property of the mapping a : I' — Tisa consequence
of the fact that the collineations 7¢ (G € V) preserve the pencil of vertical
lines. From the previous lemma it follows that the kernel of « is isomorphic to a
subgroup of N,. Since I" preserves the pencil of vertical lines and I’y leaves each
of the 3 pencils of lines invariant, Lemma 1.7 is proved. ]

If H is a horizontal line through the origin of the coordinate system and [V, H] :
H — V is the perspectivity from H to V then we have [V,H] ! o7g o [V,H| =
ol .. Hence we obtain the

COROLLARY 1.8: In a Bol 3-net N the transformation group Tis isomorphic to
the group X generated by the reflections off, x € H. The stabilizer of a vertical
line G € V in T is isomorphic to the stabilizer of GN H in 3.

In the next theorem we investigate the group generated by all Bol reflections
in a differentiable Bol 3-net and its relations to the group generated by the left

translations.

THEOREM 1.9: Let L be a connected differentiable Bol loop and N(L) the corre-
sponding 3-net. Let T' be the collineation group of N (L) which is (topologically)

generated by the reflections 7¢ (G € V).
(1) The Lie transformation group ¥ generated by the reflections 0, ¢ € L, in
the symmetric space S on the horizontal line L is a homomorphic image
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of I'. The kernel D of the homomorphism (3 which assigns to any element
of I its action on S is a closed subgroup of the right nucleus N, of L and
the image of the stabilizer of the origin (1,1) of N(L) in T under § is
contained in the stabilizer of 1 € L in ¥. The Lie transformation group
T induced by T on the pencil V of vertical lines is isomorphic to ¥ and
operates transitively on V.

(ii) The group T is a Lie transformation group on N'(L).

(i) The group L (topologically) generated by the left translations of L is a
Lie transformation group which is a homomorphic image of the connected
component I'g of the collineation group I'. There is a canonical epimorphism
d: Ty — L the kernel K of which is isomorphic to a closed subgroup of
the left nucleus N; of L. The image of the stabilizer of the origin of N (L)
in T'g under ® is contained in the stabilizer of 1 € L in L.

Proof: The group ¥ on the symmetric space S is a Lie transformation group
according to [18], Theorem 2.7, p. 88, and Theorem 1.6, p. 129. The assertion
(i) follows from Lemma 1.7, Corollary 1.8, Lemma 1.6 and from the fact that the
kernel D is a closed subgroup in the topological group I'; the group D consists of
the elements of T" fixing every vertical line. According to Lemma 1.6 the group
D is isomorphic to a closed subgroup of N;.

Since every closed subgroup of a differentiable loop is a Lie group the assertion
(ii) follows from the fact that any extension of a Lie group by a Lie group is a
Lie group.

According to [5], Theorem 3.1, there exists a canonical epimorphism @ : I’y —
E; the kernel K of ® is a closed subgroup of T' consisting of such elements of I'y
which leave every horizontal line invariant (cf. [5], p. 66 and p. 69); moreover K
is isomorphic to a closed subgroup of the left nucleus N; of L. The group Lis
the group which is induced by I'g on the pencil of horizontal lines. |

Alternative proof of Theorem 1.1: Since the projectivities of a line G are auto-
morphisms of the symmetric space on G (cf. Proposition 1.5) the statements
follow from the fact that II is a closed subgroup of the automorphism group I'
of the symmetric space on a line G, and I" is a Lie group (cf. (18], Theorem 2.7,
p. 88 and Theorem 1.6, p. 129). 1

Now we prove the
THEOREM 1.10: Every differentiable connected Moufang loop L is analytic.

Proof: Let N/ = L x L be the 3-net associated with L. The structure of the
symmetric space £(G) given by the reflections 0¥, z € G on the line G provides
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G with an analytic structure p(G). Identifying G with L the analytic structure
p(L) on L defines the analytic product structure on the net manifold N’ = H; xV;,
where H; is the horizontal line and V; is the vertical line through the origin (1, 1).
The left translation A, on H; = L is given by

/\z:[Hl,‘I,Vl] [‘/1,5"_),‘/,;] [VE,T,Hl], .’BGL,

where V is the vertical line through (z, 1), ¥ is the family of transversal and § the
family of horizontal lines. Since in the 3-net A/ all of the three Bol conditions are
satisfied, every projectivity between lines G and G’ of N preserves the analytic
structure given by the analytic spaces £(G) and L(G’) (cf. Proposition 1.5). If
we provide the family U of vertical lines with the analytic structure given by
the intersections of vertical lines V, with H; then the map 7 : ¢ — A, is an
analytical map from L = H; into the Lie group L topologically generated by the
left translations of L which acts on L as an analytic transformation group such
that the mapping w : LxL—>L: {(v,z) — zv is analytic. From this follows
that the composed map {z,y) — {z,y){(7,id)w = z - y is analytic. Since the map

L 1

or : = z~ ' is the reflection on the point 1 in the symmetric space induced

on the horizontal line through the origin, it is analytic. Since the Moufang loop

1

has the inverse property, z\y = z~ !y and z/y = zy~! are analytic. Hence the

assertion is proved. |

For differentiable (left) Bol loops we are not able to prove the previous theorem
but it is possible to obtain partial results in this direction. In the next theorem
we show that in a Bol loop on a differentiable manifold the smoothness of some
operations forces the differentiability of all operations of the loop. If r is a natural
number or 7 = oo then C” denotes the differentiability class of order r; if r = w
then C" denotes real analyticity.

THEOREM 1.11:

(i) Let L be a Bol loop on a C"-manifold such that the multiplication (z,y) —
x -y is of the class C”. Then the operations (z,y) = z\y and {z,y) —
y/x are both of the class C" and L is a Bol loop in the C"-category
(r e NU{oo} U {w}).

(i) Let G be a connected Lie group and H be a subgroup of G such that
o : G/H — G is a section of the class C" for the canonical projection
m:G = G/H. Let z-y = o(n(zy)) for z,y € o(G/H) be a loop L
satisfying zyx € o(G/H). Then L is a Bol loop of the class C".

Proof: (i) According to Proposition 1.5 the inverse mapping z — z~! in L
coincides with the involutory mapping x — zol in the symmetric space S on the
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horizontal line L in the 3-net L x L with the origin (e, e). This is a real analytic
mapping in the symmetric space S and consequently it is of the class C” on the
loop manifold L.

Since L satisfies the left inverse property we have z\y = 27! -y and hence
(z,y) — x\y is of the class C". If y = b/a then using the Bol identity we can
write (cf. [6], Lemma 2)

y=a"'(ay) =a" (a'(y-(a-a"l))> =a b ((a-(y-a)) -a“l) = a"l-((a-b)-a"l)

which says that the mapping (b,a) — b/a is a composition of mappings of the
class CT.

(ii) The group topologically generated by the left translations of L is the sub-
group of G which is generated by ¢(G/H) and o(G/H) consists of the left trans-
lations of L. The Bol identity is equivalent to the fact that for any z,y € o(G/H)
we have zyz € o(G/H). Since the mappings m and o are of the class C” the
multiplication (z,y) — z - y is of the class C". Hence (ii) follows from (i). |

At the end of this section we consider classes of Moufang loops in which isotopic
loops are isomorphic.

ProPOSITION 1.12: Every loop isotopic to a loop L is isomorphic to L (i.e. L
is a G-loop) if and only if the direction preserving collineation group {) operates
point transitively on the 3-net N associated with L.

Proof: Since the multiplications on coordinate loops of A can be defined geo-
metrically, the direction preserving collineation group {2, which operates point
transitively, induces isomorphisms between principal isotopic loops. Conversely,
every isomorphism between principal isotopic loops can be extended to a direction
preserving collineation.

THEOREM 1.13: A Moufang loop L is a G-loop if and only if each element of L
is a companion of a pseudoautomorphism of L.

The assertion is a consequence of Proposition 1.12 and of Theorem 10.17 in
[2], p. 50.

THEOREM 1.14: A Moufang loop L is a G-loop if one of the following conditions
holds:

(i) every element of L is a commutator;

(ii) the map z v+ z* is surjective;
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(iii) the normal subloop NL? of L which is the product of the nucleus N of L
with the normal subloop L?® generated by the cubes of the elements of L is
equal to L.

The statement is a consequence of Proposition 1.12 and of Corollary 10.18 in
[2], p. 1.

THEOREM 1.15: Every connected differentiable Moufang loop L is a G-loop.

The assertion is a consequence of Proposition 1.12 and Theorem 10.25 (1) in
(2], p. 56.

§2. Bol loops, their cores and left distributive quasigroup

In this section we discuss mainly the connection between isotopy classes of Bol
loops and certain quasigroups, following the ideas of Belousov [3]. In the 3-net
N associated with a Bol loop the Bol condition is satisfied with respect to the
family of vertical lines.

Definition 2.1: cf. [3], p. 210. Let L be a Bol loop. The (left) core of the loop
L is the quasigroupoid consisting of the elements of L under the operation “+”
defined by

z+y=az(y ')

PROPOSITION 2.2: If L is a Bol loop then (z+y) ' =2~ ! +y~! forallz,y € L.

Proof: The assertion is true if (z -y~ 'z)(z7! - yz~!) = 1 holds. Since L is a Bol

1 -1 1 1

loop one has {z -y 'z)z = z(y~' - £z) and taking z = 27! - yz~! we obtain the

statement. | |

ProprosiTiON 2.3: A Bol loop L is a Moufang loop if and only if one of the
following two conditions is satisfied:

(i) (z+y)z=zz+yz2

(i) #(@+y) = 2z + 2y,

forall z,y,z € L.

Proof: (1) Let N be the net associated with the loop L. Let G be the horizontal
line through the origin and let G’ be the horizontal line through the point (1, ).
By G, ¥ and $H we denote the families of vertical, transversal, and horizontal
lines, respectively. We have (y, 1)08’1) = (z +y,1). From Proposition 1.4 (iii)
we know that

(¥,2)0G ) = (1, 2)[G,B,Glol )0 2,0)[G, B, G]
= (ya 1)0'(:5,1)[("7 ‘13, Gll = (I + Y, Z)
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since N satisfies the Bol condition with respect to the family of vertical lines.

On the one hand we have (zz + yz,1) = (yz, 1)082 1); on the other hand we can
write

(z +9)2,1) = (z +y,2)[¢", %,G) = (y,2)05 ) [G, 5, G
= (yz, 1)[G, %, G'ol |G, %, ).

It follows that zz + yz = (z + y)z if and only if the Bol condition with respect
to the family T is satisfied.
The proof of the statement (ii) is analogous. ]

Definition 2.4: A permutation o of a Bol loop L onto itself is called a
semiautomorphism of L if

(z-yz)*=2%-y“z®* and 1*=1

for all z,y € L.

THEOREM 2.5: Let L be a Bol loop and (L,+) the core of L. Then

(i) the semiautomorphisms of L are the automorphisms of (L, +) leaving1 € L
fixed.

(ii) (L,+) is isomorphic to the quasigroupoid on the section {A;, = € L} with
respect to the multiplication A + Ay := )\xx\glx\z.

(iii) Principal isotopic Bol loops have the same core.

(iv) In (L, +) the left distributivity law z+(y+z) = (x+y)+(z+2) (z,y,2 € L)
holds.

(v) In (L,+) onehasz + (z+y) =y for all z,y € L.

Proof: The statement (i) follows in the same way as the assertion (ii) in the
Theorem 5.1 in [4], pp. 121-122. Since in a left Bol loop we have A;.yz = Az A Az
and Ay-1 = A;'!, one obtains Az1y = Az + A, which is the property (ii).

The statement (iii) follows from the fact that the core is invariant with respect
to perspectivities with vertical direction; on the same horizontal line of a Bol net
the definition of the core is independent of the choice of the unit element. (For
another proof cf. (3], Theorem 11.8.)

The proof of statement (iv) is given in [3], Theorem 1.9, pp. 211-213. Using
Proposition 1.4 we obtain another proof:

2+ (y+2) = 2ol = zokal, = (@ +y) + (x +2).

Proposition 1.4 (ii) gives the property (v). |
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PROPOSITION 2.6: Let L be a Bol loop. Its core (L,+) is a quasigroup if and
only if the mapping x + x? is a permutation of L. If this condition is satisfied
then (L, +) is isotopic to a Bol loop.

Proof: See [3], Theorems 11.10 and 11.11, pp. 213-215. |

We denote by LT(a) and R*(a) respectively the mappings ¢ +— a + z and
z — x + a in the core (L, +) of a Bol loop L.

THEOREM 2.7: Let L be a Bol loop such that the mapping = +— z? is a permuta-
tion of L. Then the core (L, +) is isotopic to the loops L(%,a) which are defined
on the elements of L by the multiplication

cx,y=aR(a)"'+yLT(a)™' forallz,y€ L and a fixed a € L.

The unit element of the loop L(%,a) is a; for a = 1, the unit element of L, we
have £ %1y = T2 -yx%.
Any loop L(%, a) has the following properties:
(i) It is a Bol loop.
(ii) It has the automorphic inverse property, i.e. (T*,y)" ! ==z
z,y € L.
(iii) It is a left A-loop, ie. the left inner mappings z — z)\y)\z)\;yl are

Loyt for all

automorphisms of L.

If L and L' are isotopic Bol loops then for any a € L and o’ € L' the loops
L(},a) and L' (1, d’) are isomorphic.

Proof: Since a + a = a the unit element of L(3,a) is a. By definition any loop
L(3},a) is isotopic to the core (L, +). Since any loop isotopic to a Bol loop is Bol
we obtain from Proposition 2.6 that any loop L(%,a) is a Bol loop.

Now we prove that the loops L(3,a) and L(%, b) a,b € L are isomorphic. An
isomorphism from L(3, a) to L(3,b) is given by the left translation AZ‘a)(b): Yy
b*ay. We have A(,,(b) = L*(a)L*(bR*(a)™!) since L*(a)™! = L*(a). We put
¢ =bR*(a)~" or equivalently c+a = b. Then we can write A{,, (b) = L*(a)L*(c).
On one hand we have (z x, y)L*(a)L*(c) = [zR*(a)~! + yL*(a)]LT(a)L*(c).
The left distributivity law for the core (L,+) implies that the last expression
is equal to zR*(a)"*L*(a)L*(c¢) + yL™(c). On the other hand we compute
TN,y (B) %6 YA,y (b) = zLt(a) Lt (c)RT (b))~ + yL*(a)LT(c)L*(b). Since for any
q € L one has gL (¢)LT(b) = b+ (c+q) =(c+a)+(c+q) =c+(a+q) =
gL (a)L*(c) we obtain yL*(a)Lt(c)LT(b) = yLt(a)LT(a)L*(c) = yL*(c).
Hence the mapping )\E‘a)(b) is an isomorphism if and only if

R*(a)"'L*(a)L¥(c) = LT (a) L () R* ()"
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or

Lt (a)Lt(c)R*(b) = R*(a)L*(a)LT{(c).

For any u € L this means
[c+(a+u)]+b=c+[a+ (u+a).

We prove that this identity is satisfied in (L, +). In fact if we remember c+a = b
then on the left side of this identity we have

et(a+u)]+b=pb+(c+u)+b=0b+(ctu)]+(b+b)
=b+[ctu)+b=(c+a)+[c+(ut+a))=c+[a+ (u+a)

which is the right side of our identity. Hence all loops L(%, a) are isomorphic with
respect to the family of isomorphisms )\E*a)(b). It follows that the loops L(3,1) (¢ €
L) corresponding to different coordinate loops of the 3-net A/ associated with L
are isomorphic since the core (L,+) of L is the same for all coordinate loops of
the 3-net A (cf. Theorem 2.5 (iii)). Hence the last statement of the theorem is
proved.

Since all loops L(1,a) are isomorphic we prove (ii) for the loop L(%,1). In this

PR S _ PR ¢ . .
case Tx; y =2 -yx2. Since z ;£ ' = 7 -2~ 27 = 1, the inverse of z is z7!

and z *; y* (z~ 1%, y~1) = (27 - yz?3)(z~% -y 12~ 3). Using the Bol identity we
see that the last expression is equal to 1.

It remains to prove that the loop L(%, 1) is a left A-loop. We have seen already
that the mappings A7, (u): L(3,y) = L(3,u) are isomorphisms of loops. Hence
the mappings )\(1)( ))\(y)(x *1 y)[)\zl)(m x19)]7! (z,y € L) are automorphisms of
L(%, 1). Now we express these mappings in terms of left translations of the loop
L(3,1). Since

(z %1 2)A0) (¥) = 2AL) (Y) *y 22 (Y)
or equivalently

Z)‘fl)(x)/\z1)(y) = ZAZ1)(y)Azy)($ 1Y)
we obtain

My (@ *19) = Ay () T A (@)AG) ):

Hence the mappings Xy (y) A7, (@+19) ;) (zx19) ™1 = AL, (@)AG, (W) y(@*y) ™
are automorphisms and the theorem is proved. ]

A quasigroup (Q, o) is called left distributive if it satisfies the following identity:
zo(yoz)=(zoy)o(zoz)(z,y,2€Q)
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COROLLARY 2.8: Let {Q,+) be a left distributive quasigroup satisfying the
identity z + (z +y) = y for all x,y € Q. Then the loop Q*(a) defined on
the set ) by the multiplication

2y =zR(a)7" +yL¥(a)

with unit element a has the following properties:

(i) It is a Bol loop with automorphic inverse property.

(ii) It is a left A-loop.

All loops Q*(a) (a € Q) are isomorphic and their cores (Q, ®,) are isomorphic
to (Q,+) under the mapping Rt (a)™}.

Proof: Since all loops isotopic to a Bol loop are Bol, @*(a) is a Bol loop
(cf. Theorem 9.11 in [3], p. 171). The inverse element of z € Q*(a) is a + z.
Indeed, x *, (a + ) = zR*(a)"! + z = zR*(a)"! + (zR*(a)™! + a) = a since
u + (u+ a) = a. Now, the automorphic inverse property follows from the left
distributivity a + (z + y) = (a + z) + (a +y).

Property (ii) and the fact that all loops Q*(a) are isomorphic follow from the
proof of the previous theorem.

The operation @, of the core of Q*(a) is given by

Since a +y = (a + y)RY(a)"!R*(a) = (a + y)R™(a)™! + a we have y =
(a+y)R*Y(a)"'L*(a) +a or (a+y)R"(a)~'L*(a) = yR*(a)~!. Hence

(x @, y)RT(a) ! =2zRT(a)" +yRT(a) " . ]

Now we give some generalizations of Theorems 10.20-10.22 in {2], pp. 52-55.

THEOREM 2.9: Let L be a differentiable Bol loop (of class C*°). Then the
following groups are Lie transformation groups:
(i) the group A of continuous automorphisms of the core (L, +) of the loop L;
(i) the group of continuous semiautomorphisms of L;

iii) the group of continuous right pseudoautomorphisms of L;
p g P
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(iv) the group of continuous automorphisms of L.

Proof: For a differentiable Bol loop L we consider the associated 3-net on L x L.
We have proved in Proposition 1.5 that putting u(z,y) = yoL the line L x {1}
becomes a symmetric space. Using the original loop multiplication on L the
multiplication u can be expressed as u(z,y) = z -y 'z = z + y, where the
operation “+” is core-addition. Now, (i) follows from Theorem 2.8, p. 88 and
1.7, p. 129 in [18]. The group of semiautomorphisms is the stabilizer subgroup
of the point 1 in the group A, and hence it is a Lie group (cf. Theorem 2.5 (i)).
A right pseudoautomorphism of the loop L is a permutation y: L — L such that
there exists an element ¢ € L satisfying the identity =7 - (y7¢) = (zy)?-c for all
z,y € L. The right pseudoautomorphisms of a Bol loop are semiautomorphisms
since

(z-yx) - c=2"((yz)"c) =2"(y" - 27c) = (z” -y"2") - c
and
1" c=(1-1)"e=1"-1%

thus 17 = 1. Hence the group of right pseudoautomorphisms is a closed subgroup
of the group of semiautomorphisms and (iii) holds. The statement (iv) is an
immediate consequence of (iii). |

The next statement shows that differentiable left distributive quasigroups have
the same quality as the analytic ones.

THEOREM 2.10: Let (L,+) be a topological connected left distributive quasi-
group on a manifold with differentiable multiplication and satisfying the identity
z+{(x+y)=y forall z,y € L. Then:
(i) The quasigroup (L,+) is analytic.
(ii) The group (topologically) generated by the left translations of (L,+) is a
Lie group.
(iii) The loops L*(a) defined by the multiplications (z,y) — z*,y = cR*(a)~1+
yL*(a) are analytic.
(iv) The group T'* (topologically) generated by the left translations (;\);1 of
a

L*(a) is a Lie transformation group for any a € L.

Proof: With respect to the multiplication “+” L is a symmetric space with the
property that z + y = y implies y = z for all z,y € L (cf. p. 63 in [18}). From
Corollary on p. 94 in [18] follows that the operation “+” is analytic. This means
(z,y) = yL*(z) is analytic. The solution with respect to x of the equation
a + = = b depends analytically on a and b since L*(a) = [L*(a)]™!
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The symmetric space L has a representation on the space of symmetric elements
of a Lie group (cf. [18], p. 73). This means the following: there exists a connected
Lie group G and an involutive automorphism o: G — G such that L is realized
on the connected component G, of 1 € G in the set {z € G, z° = z71} Wwith
respect to the multiplication z + y = xy~'z for all z,y € G, (cf. [18], Theorem
4.6 and Proposition 4.4, pp. 182-185).

12 = 24+ a = b has a unique solution in G, and 1 is

Since the equation za™
contained in G, the mapping z ~ 2?2 is bijective on G,. We denote the solution
of z+1=bbyz= bz. The solution of the equation z + a = b can be expressed
by z = a? + (a% + b)? since z + a = b is equivalent to (a* + z) + (a% +a) =
(a% +z) +1=a? + b and hence a? +z = (a2 +b)3.

Now, we show that every element in G, is contained in precisely one 1-

parameter subgroup of G,. Let z be an element of G, and (z) be the monothetic

subgroup of G generated by z. Since G, is closed in G the group (z) is contained

in G,. The group (z) is isomorphic to Z or it is compact (cf. [8], p. 85). If {z)
is compact we denote by K a maximal compact subgroup of G containing (x_)
Since the restriction of the exponential map from the Lie algebra g of G to the
Lie subalgebra € of K is surjective onto K ([9], p. 150, Theorem 3.2) there exists
a vector X € & such that 2 = expX. We have 27 = 77! = exp(—X). For the
automorphism o,: g — g induced by o we have (tX)°* = —tX for all t € R. But

then G, would contain a 1-dimensional torus subgroup which contradicts the fact

~

that the mapping z — 2? is bijective. Hence for every = € G, we have (z) & Z.

Then the closure (z), in G, of the group containing (z) and with any element also
its square root is isomorphic to R. Since for z,y € G, and wz # Z_y—)2 one has
(z), N{y), = {1} and every element of G,, different from 1 is contained in precisely
one l-parameter subgroup. It follows that the mapping = — z3: G, = G, is
analytic. Hence the mapping (a,b) — b/a = bR*(a)" ' =a? + (a3 +b)3: L > L
is analytic too.

The assertion (ii) follows from Theorem 2.9 (i) since the left translations of
(L,+) are automorphisms of (L, +).

The assertion (iii) follows since the operations of L*(a) can be expressed by:

T,y = :I;R+(a,)—1 + yL+(a),
y<:\;1 =yL*(@R*(a)")L*(a) = o+ [zR* ()" +14,
a)
B G R ) = oo )

The group I'* is a Lie group since it is the group of displacements (i.e. generated
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by L*(z)L*(y), z,y € (L,+)) of the symmetric space L*. |

At the end of this section we show that for analytic Bol loops and analytic
left distributive quasigroups the groups (topologically) generated by the right
translations are usually not Lie groups.

Let H? be the hyperbolic plane. It can be considered as a symmetric space
(L, +) with respect to the operation (z,y) = = +y = yo,, where o, denotes the
reflection on the point z. The group generated by the left translations L*(z) =
0z, T € H?, is the connected component J°(H?) of the isometry group J(H?)
of H2.

Now we consider the group ¥ generated by the right translations R*(z), z €
H?. The action of the right translation R*(a) on H* can be described as follows:
a is the only fixed point of R*(a), the invariant lines of R (a) are the lines
through a, the image zR"(a) of a point z lies on the half line emanating from
a and containing z such that (a,zR%(a)) = 2d(a,z) where d is the distance
function on H?. From this description follows that A~'R*(a)\ = R*(a*) for
any isometry A of H?. Hence the group ¥ is normalized by the isometry group of
H?. The intersection ¥ N J(H?2) = {1} since all elements of ¥ fix every end (i.e.
in the Cayley model every point of the absolute conic) of the hyperbolic plane.

Let us assume that ¥ is a Lie group. Since the stabilizer ¥, of any line L
in U operates transitively on L the group U is transitive on the points of H2.
If the connected component U9 of ¥y were not transitive on L then it would
leave a point ¢ € L fixed. Since 9 is a normal subgroup of ¥, the group
U9 would fix the line L pointwise. But this is not possible since the topological
dimension of U1,/ ¥Y is zero (cf. [7]). Hence ¥Y is transitive on L. If the connected
component ¥ of the group ¥ were not transitive on H? then ¥° would have
two different orbits B; and B;. Let L be a line having points in common with
both B; and Bj. Since the connected group ¥9 operates transitively on L we
would have a contradiction and the group ¥° is transitive on H2. Moreover
one has dim¥° > 2. If dimW¥° = 2 then W° operates sharply transitively on
H? and one has ¥ =~ R? or ¥° = {z = az + b; a > 0,b € R}. Clearly
U = U0, with U0 N ¥, = {1} where ¥, # {1} is the stabilizer of a point z
in ¥. The element R¥(z) € ¥, induces an automorphism # 1 on ¥° so that
this automorphism leaves infinitely many 1-parameter subgroups of ¥ invariant,
namely any stabilizer ¥, where G is a line through z. Hence ¥9 cannot be the
non-abelian 2-dimensional Lie group and one has ¥° & R2.

Let L be a line and w € ¥° with w(L) # L. Since the closure of w(L) contains
the two ends of L the orbit w(L) is not a line of H2. Let u be a point of w(L) and
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1% 7€ U9, Let L' be the line joining u and 7(u). Then in the stabilizer ¥9,
there exists an element ¢ with ¢(u) = 7(u). Since U? operates sharply transitively
on H? one has 7 = ¢ and ¥9, N¥Y # {1}. But this is a contradiction since in the
Lie group R? two different 1-dimensional subgroups intersect each other trivially.
Hence dim ¥ > 3. If ¥ were a Lie group then the semidirect product of the groups
T and J°(H?) in the group of diffeomorphisms of H* would be an at least 6-
dimensional Lie group containing the proper subgroup J°(H?) = PSLy(R). The
list of Lie transformation groups acting on the plane given in [23], §10, does not
contain such a group. Consequently ¥ cannot be a Lie group.

Now we consider the translation groups of the loop L*(1), where 1 is a given
point of H?. Since z x; y = zRT(1)™! + yL*(1) the group ®* of left translations
is generated by the products 010, r+(1)-1 of reflections (¢ € H?); this group can
be generated also by the products 0,0,, (u,v € H?) and one has that ®* is
isomorphic to PSLy(R).

The group U* generated by the right translations R* (1) "' R (yL* (1)) of L*(1)
is connected and contained in the connected component ¥° of the group ¥ which
is topologically generated by the elements R (x), x € H?. Since ¥* has index
at most 2 in ¥Y also ¥U* cannot be a Lie group.

§3. Hausdorff-Campbell formulae for geodesic and for left alternative
loops

Let L be a C"-manifold with » € NU {oco,w}. Let -, \ and / be C"-mappings
from open domains of L x L to L such that

(z/y)-y==x, y - (Y\z) =1, (zy)/y =z and y\(yz) =z

if the left side of the identity is defined.

Then L is called a local quasigroup of the class C™. A local quasigroup L of
class C" is called a local loop of the class C” if moreover the following condition
is satisfied: There is an element e of L such that ze = ex = z/e = e\z = x for
all z € L.

Let L be a differentiable manifold equipped with an affine connection V. We
can associate with a point e € L and with V a local loop {L,V,e}, called a
geodesic loop with respect to V, which is defined in a normal neighbourhood U
of e by the formula

— -1
T Y = €Xpy O Tey O €XP, (),

where 7., denotes the parallel translation T, L — T, L along the unique geodesic
segment between e and y (cf. [13], p. 160 and [21], p. 369).
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The differentiable Bol loops have local representations as geodesic loops, but
the class of differentiable loops which can be locally represented as geodesic loops
is much larger. Namely, one has the following result due to [21], pp. 370 and 406.

ProprosSITION 3.1: A differentiable local loop L which is simply covered by 1-
parameter subgroups has a local representation as a geodesic loop with respect
to a unique affine connection V on L with vanishing curvature if and only if in
L one has

(1) (Et i xsy — xt+sy

for all z,y € L and t,s € R as far as the multiplication is defined. If L satisfies
(i) then the connection V is given by the parallel vector fields (Tepy)v, v € TeL,
where Tepy: T.L — TyL is the tangent map of the right translation p,: = — zy.

Miheev and Sabinin [20], p. 11 and p. 45 (cf. also [21], p. 406, Remark XI1.7.1),
proved that analytical local loops satisfying the identity

(i) Tozy=1°y

are power associative and fulfil identity (i). Hence they are geodesic loops with
respect to an affine connection V with zero curvature.

This motivates us to study left alternative loops, i.e. loops satisfying the iden-
tity (ii) in the category of real analytic loops, and to use their local representations
as geodesic loops.

First we remark that in geodesic loops I the 1-parameter subgroups determine
the local exponential mapping exp: Te L — L which coincides with the exponen-
tial mapping at e € L of the linear connection V of the geodesic loop L, since the
1-parameter subgroups of L are the geodesic lines of V through e € L. Hence
for any geodesic loop L the canonical coordinate system (determined by the 1-
parameter subgroups) is a normal coordinate system of the connection V. Since
the connection V has vanishing curvature the parallel translation with respect to
V is locally path-independent and can be given by independent parallel vector-
fields A;(z),..., An(z) in the coordinate system U C R", where A,(0) = ¢; gives
the canonical basis of R®. Since the parallel vectorfields determine the parallel
translation 7., by e, — A,(y) (i =1,...,n) themap Y 1, &'e, = Y 1| A(y)E
gives the tangent map Tep, of the right translation p,: z — zy. In the normal
coordinate system the geodesic lines through 0 are the euclidean lines. We want
to find the power series expansion of the geodesic lines y(t) in a neighbourhood
of a point yo € U. The differential equations for the coordinate functions y*(t)
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of the geodesic line y(t) with initial values y(0) = yo and §(0) = Y A, (yo)¢ are
7
given by

(A) P = S A y)E

where A} denote the coordinate functions of the vectorfields A; and ¢’ are the
coordinates of (0) with respect to the basis A,(yo). Since any line (£?,..., &™)t
is a geodesic line, equation (A) implies that the coordinate functions A’(z) of
the vectorfields A, have to satisfy the identities

ZA’ L EME

Their power series expansion at 0 = (0,...,0) gives
n 87‘A1
1, ]1 Ir
¢ = Z [A + z:: , ZJ oz - 8:1:.7r( )5 & ]£
k23 a?‘ 2

g Jet1 n Ir £3r41
_£+Z Z 1(91'11...8.’1,']'"(0)5 E g ’
.71, el =

since A} (0) = 8. Consequently the coefficients of this expansion satisfy

(B) D ‘3’ (0) =0,

OE€EZLryq

where Z,, 1 is the cyclic permutation group of order r + 1.
Now we consider the power series expansion of the geodesic line y(t) at y(0) =

yo and g(0) = 3.0, (2221 Aim(yo)fm) e,. Since the geodesic line y(t) satisfies
V49 = 0 we have

n

Z ( Z A’ fm) e, forall £.

=1

Consequently the power series of the geodesic line >, y*(t)e; at > .- | yhe, =
o1 y*(0)e; has the form

(©) AURTED DD DR SR
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where
G, (yo) = A] (yo) and

(%o)
]1.: J( 1)o
G]l *Jq-1lq y() Z Z = G;r:a(yo)'

anml

(ch)

The exponential map exp, is given in the normal coordinate system by the
identity mapping, the parallel translation 7q 4, is determined by the vectorfields
A’ (yo) and the images of exp, are described by the geodesic lines through .
Hence we can write for the loop multiplication

HE - €") - Yo = expy,  Tog [HE" €M) = y(t)

n

(D) <y0+th Z e N (yo)&t -+ - &% )

z:l.
nJq=1

The desired expansion of loop multiplication will be obtained by power series
extension of the functions G;l,‘_ 7 (y) varying y:

n PG
7 o Tnde h h
G]l ‘1q ( ) .71 Jq + Z Z Oxht . .. Ozhe (O)y e yr -

p—-l h1, (k] p—l

If we put yo = 0, then from (D) it follows that

t(E, .. M) = (€. .., €M) - (0,...,0)

n

(th Y G 06

J15dq=1

n

=1

Since G} (0) = A}(0) = ] where (5;) is the identity matrix, the last relation can
be written in the form

Mtgz_b_z Z ]l J., 631"'5

J y]q—l

and we have G, ... (0) =0 for all jy,...,j4 with ¢ > 1.

For p,q > 1 we put

. 1 PG,
(E) a]l"']q;hl —-hp = p!_q!a.’l,‘h'l .o Oxhe (0)
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This definition implies the relation a;,,. ;.. hyphpy = @gy9:hy -, fOT any
permutations ¢ and p in the symmetric groups on g and p elements, respectively.
The identities (B) give the equivalent conditions

(F) D Ghrgibagkys =0
U€Z7+1

The Leibniz formula for several variables has the form

or 1 n 1 n
o UCRIRREA I CHE D

Z o f(z,...,z") 0" g(a', ... x™)
dzhv ... dghv  drhur .. e’
p'+p"'=p
where (I', 1"} € P(2,p), I' = {hv,...,hp}, I" = {h1r,... hyps} and P(2,p)
denotes the partitions of the set {1,...,p} into two subsets. Applying this Leibniz
formula to the equation (C') with q > 1 and using the relation (E) we obtain

4 1 8p’+IG1/ Bp//Gm
at - o™ Jq—-1)e 0) Jqa (0)
nogait he T gipliogl L frhu . 9ghy dam T ghyr - .- Gxher
Lt
(©)
— __L ( _ 1)|( /+ 1)| /I|a1 am
- L mial q . p ~p . ]10"'j(q_1)a;h1/~-hp/m ]qa,hln hr//'
-7 p'+p''=p
m=1, n
\ OEZq

Using the formula (D) with t = 1, §, = z,, Yo = y and the power series expansion
of Gi(y) = Aj(y) as well as of G}, _,Jq(y), g > 1, we see that the local loop
multiplication x - y can be written in the form

(', ...z™) - (. ™)

o0 1 n )
:(yl + Z a! Z Gy, .y qu) =1
q=1 q: I Je=1 2
n 00 ] " i
S(Eae Ny X G W)
1=1 q>1 Tlaeees Jq=
n o ”
i 1 PG )
:Z{GJ(O)+Z—! Z gy Jahp( )yh""yh”}x7+y
7=1 p=1 . h1,~..,hp=1 Yy Y
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If we use (E) and the relations G .., (0) = 0 (g > 1) as well as A}(0) =
G3(0) = 6; we obtain finally

(@',...,2") - (¥',...,y") =

o n "
1 2 E § ] h h
(:E Tyt ajl"']qahl"-hpxj] '”:L']qy ey p)

=1
p,g=1 11, .19=1
hy., hp=1

(H)

The coefficients
or A
iy, = m(o)
appearing in the relation (F) are the coefficients in the power series expansion of
the vectorfields A4, at 0. The recursive formulae (G) show that they determine all
the other coefficients of the power series expansion (H) of the loop multiplication.

The expansion (H) is a generalization of the classical Hausdorff-Campbell
formula for local diassociative analytical loops (cf. [19]).

Conversely, if SP(V*) is the p-th symmetric power of the dual space of V' =
R" and if we choose the tensors a};hl,__hp € Ve V*®SP(V*) satisfying the
linear equations (F) then they determine a formal power series such that the
corresponding local loop multiplication (H) gives a geodesic loop associated with
an affine connection V having vanishing curvature.

As mentioned at the beginning of this section, the class of left alternative
analytic local loops coincides with the class of geodesic loops with respect to an
analytic affine connection with vanishing curvature. Hence we have the

PRrROPOSITION 3.2: The power series expansion given in (H) holds for any left
alternative analytic local loop L.

A loop (L, ) satisfying zy-y = z-y? for all z,y € L is called a right alternative
loop. Putting z * y = y - x we obtain a left alternative loop (L,*) which is
antiisomorphic to (L,-). Clearly the loop (L,-) is analytic and right alternative
if and only if (L, *) is analytic and left alternative. The loops (L,-) and (L, )
have the same unit element and 1-parameter subgroups and therefore the same
canonical coordinate system. Hence according to Proposition 3.2 the analytic
right alternative loop (L, -) has the power series expansion given in (H) for (L, )
if we interchiange the role of the variables (z*,...,z") and (y',...,y").

With these remarks we show now the

THEOREM 3.3: Any analytic left and right alternative local loop L is diassocia-
tive and the power series (H) is the classical Hausdorff-Campbell formula with
respect to a normal coordinate system.
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Proof: Since the loop (L,-) is left alternative the coefficients a} Jgihioh, 1D
the power series expansion (H) are determined by the coefficients a} , - The
power series expansion (H) of the left alternative loop (L, *) defined by z*y = z-y

(z,y € L) has the coefficients c*z‘l Jeihthy = .. which are determined

hpiane 3
by the coefficients é;;hl hy = Qhy..hy;- 1t follows that all coefficients a3, 5 5
can be expressed as polynomials in the coefficients a} , = —aj, , (cf. (F)). Hence
all coefficients of the expansion (H) are determined by the second order ones.
In the Akivis algebra £ of L the associator (:,-,-) is defined in such a way
(cf. {10], p. 239) that the identities zz -y = z - zy and zy -y = z - yy imply
(X, X,Y) = (X,Y,Y) = 0 for all X,Y € £. Hence the Akivis algebra £ is a
binary Lie algebra (cf. [28], pp. 27-28 and [19]). The power series given by the
classical Hausdorff-Campbell formula defines a local analytic diassociative loop S
whose Akivis algebra is £. Since the canonical power series for the left and right
alternative loops S and L coincide up to terms of order two, and these coefficients
determine in both cases all other coefficients of the power series expansion we

have L = S. B

Now we consider the power series expansion for geodesic analytic local loops
with respect to a connection V with vanishing curvature R = 0 such that also
the symmetric connection V with the same geodesic lines and vanishing torsion
T = 0 has the curvature tensor R = 0. This means that all geodesic lines of V
(and of 6) in a normal neighbourhood of e = 0 € V' are euclidean lines. In this
case in the formula (C) all G}, ; (y) =0 for ¢ > 1. Using the formula (CY) we

obtain the relation

04;(y) 94 ()
m ) ( S AL ) + G AT () | =0
which is necessary and sufficient for the geodesic lines to be euclidean lines. Since
all ), =0for g > 1 the formula (H) has the form

H) ('...2")- @ ..y = |+ +Z Z Qihy.h, T Yyt

p=1h;...Ap=1 i=1

where the coefficients a},,  , €V OV ® SP(V*) are given by

_(51+Z Z ]7h1 hp ...yhp

p=1h;.. hp=1
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and satisfy the relation (I). We can see immediately that the multiplication
function (H’) is linear in the first factor (z!...z").

Any (local) geodesic loop L whose geodesic lines are euclidean lines has the
property that all right translations p,: x — yx are affine transformations of the
euclidean space. Hence we have the part (a) of the following

ProrosIiTION 3.4:

(a) The multiplication of a geodesic loop (L,o) whose geodesic lines are
euclidean lines can be represented as

Eon=¢+n+EB(n) =n+E(I+ B(n) ,

where £,1 are row vectors of R*, B(n) is a matrix function R* — R™
such that B{0) = 0, I is the identity matrix and the right translations
py = I+ B(n) form a locally sharply transitive set of a neighbourhood of
0 € R".

(b) The local loop L = R™ the multiplication of which is given by { on =
£+ n+ EB(n) with B(0) = 0 is a geodesic loop with respect to an affine
connection V with vanishing curvature such that all geodesic lines of V are
euclidean lines if and only if the identity

(x) €B(n) = EB(€ +n +€EB(n))
holds for all £, 7.
Proof: We must show the part (b) of the proposition. We have
(s€) o (t§) = (s +t)§ + sEB(tE) = (s + )¢

for all s,t € R if and only if £B(£) = 0, which is a necessary and sufficient
condition that the curves z(t) = t{ are the l-parameter subgroups of L and
0 € R™ is the identity of L.

Moreover, on the one hand

(s€)o[(t&)on] = (s€)o[té+n+tEB(n)] = (s+t)e+n+tEB(n)+sEB(tE+n+tEB(n))
and on the other hand
[(s€) o (t&)]on=(s+t)fon=(s+1)§+n+ (s +1){B(n),

which are equal if and only if the identity () holds. According to Proposition
3.1 in this case L is a geodesic loop with respect to the connection V with
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vanishing curvature given by the parallel vector fields [T.p(n)]v = v(I + B(n))
(v e T.L = R™). The right multiplications of L are affine maps and the euclidean
lines through 0 are geodesic lines. Hence all euclidean lines are geodesic lines with
respect to V. 1

Now we investigate the special case that the function 7 — B(n) is linear. Then
the function
(&,m) = EB(n) =€, n): R* xR* - R

is bilinear and anti-symmetric. Consequently the condition () of Propaosition

3.4(b) gives [6,1] = [& [+ + [¢n]]| or equivalently 0 = [¢,[¢,n] for al
&neRT.

THEOREM 3.5: A mapping (£,m) — £on: R* x R* — R" defines a left and
right alternative local analytic proper loop L such that the geodesic lines of
the linear connections determined by the parallel vector fields £ — (ToA¢)v and
n +— (Topy)v, v € R*, respectively, are in both cases the euclidean lines if and
only if Eon =& +n+[€,n], where (£,1) — [£,7] is the multiplication of a binary
Lie algebra of nilpotency class 2 which is not a Lie algebra.

Proof: Let L be a left and right alternative analytic local loop such that the
euclidean lines are geodesic lines with respect to the two associated connections of
L with vanishing curvature. Then Proposition 3.4 implies that the multiplication
of L has the representations

gon=_E+n+EBY(n) =€ +n+nB7(¢)

with £BY () = ¢BY (€ + 0+ EBU(n)) and nBT(€) = 9B (n+ £+ B (¢)).
Hence the multiplication of L has a representation £ on = £ 4+ n + [£,n] with
a bilinear mapping (£,n) — [£,1] and [£,7] = —[n,€]. Moreover this bilinear
mapping satisfies the identity [ﬁ, [{;q]] = 0 for all £,7 € R™. This means that
(R™,[.,.]) is a binary Lie algebra of nilpotency class 2.

It follows from Theorem 3.3 that the analytic left and right alternative local
loop L is diassociative and the expression £ o = £ + n + [£, 7] is the classical
Hausdorff-Campbell formula with respect to a normal coordinate system. Hence

6,3] = 5 lim t=2((t€ o tn) /(1m0 )

(cf. [10], p. 239) and the tangent algebra of L is a binary Lie algebra of nilpotency
class 2. Clearly, L is associative if and only if the operation (£, ) > [£, 7] satisfies
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the Jacobi identity. There is a one-to-one correspondence between binary Lie
algebras and analytic diassociative local loops. This completes not only the
proof of the theorem, but also implies the

COROLLARY 3.6: There is a one-to-one correspondence between the isomorphism
classes of binary Lie algebras of nilpotency class 2 which are not Lie algebras,
and the isomorphism classes of left and right alternative local analytic proper
loops L such that the euclidean lines are geodesic lines with respect to the two
associated connections of L with vanishing curvature. |

An example for a Malcev algebra M of dimension 5 and of nilpotency class
2 is given by Kuz'min [15], p. 694. There is a basis ej,...,e5 of 3 such that
le1,e2] = ea, les,es] = es and [e,,e;] = 0 otherwise. In this case the power
expansion of the corresponding loop multiplication is finite and has the form

(om)*=¢&"+1" (@=1,2,3),
Eom)y =" +n*+&0* -0,
Eon)® = +n°+ " - ¢*n® .

The next statement gives a characterization of the system of geodesic lines of
the symmetric space S associated with a differentiable Bol loop L (cf. Proposition
1.5) in terms of 1-parameter subgroups of loops isotopic to the core of L.

PRrROPOSITION 3.7: Let L be a differentiable Bol loop and let S = {o,,z € L}
be a set of reflections giving on L a structure of a symmetric space and defined
by au(y) =z -y}
the symmetric space (L, S) are precisely the 1-parameter subgroups of the loops
L(q) having as multiplication (z,y) — z - a™'y.

z. Then the geodesic lines of the canonical connection V of

Proof: If 1 is the identity of L then g,001: x — a-xa. Moreover the 1-parameter
subgroups of L = L(;) are geodesic lines of V since the reflection oy: Yyl
is a geodesic symmetry. If z(t) is a 1-parameter subgroup of L = L(;) then
0q001(z(t)) = a- z(t)a is a geodesic line with initial point a - (1-a) = a?,
since o, 0 0 is an affine map of v. Moreover, using the Bol identity and the
multiplication of the loop L(,2), we have

(a-z(t)a) - [a™*(a- z(s)a)] = a-z(t)[a- a%(a-z(s)a)] = a-z(t + s)a,

which means that it is a 1-parameter subgroup of L(,2y. The connected compo-
nent ¥ of the isometry group of (L,S) is generated by the maps 0,01 (a € L)
and the 1-parameter subgroups as well as the geodesic lines through a point p
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simply cover a normal neighbourhood of p. Since the stabilizers of points p in X
preserve the set of 1-parameter subgroups of L, the assertion follows.

Motivated by the previous proposition we want to characterize in terms of
the power expansion and of the parallel vectorfields A(;y... A(n) the class of
differentiable local Bol loops L such that their local core is isotopic to a local
abelian group. Such loops we call flat local Bol loops.

Let L be a flat local Bol loop such that for any z € L there is precisely one
y = 2 with y> = z. By Theorem 2.7 the local core (L,+) of L is isotopic to
the local loop L(%7 1), the multiplication of which is given by (z,y) — PR yza.
A differentiable local Bol loop (Theorem 2.7) L(3,1) is a commutative local Lie
group if and only if it is commutative, since commutative differentiable local
Moufang loops are local groups. Hence the class of flat local Bol loops L is
characterized by the identity u - v?u = v - u?v.

For any loop of this class the left translations of the core considered as the
reflections of the corresponding local symmetric space {cf. proof of Proposition
2.3) generate an isometry group, the connected component of which is the eu-
clidean translation group of the manifold L. Hence the canonical connection \Y
of this flat symmetric space has vanishing curvature and vanishing torsion and
all geodesic lines of V are euclidean lines in a normal neighbourhood of the unit
of L.

A differentiable local Bol loop L is flat if and only if the ternary operation
(X,Y,Z) of its Bol algebra £ satisfies (X,Y,Y) = 0 for all X,Y € £ (cf. [21],
Remark XII1.8.14). The group topologically generated by the left translations
of L is a Lie transformation group G (cf. Theorem 1.9.(iii) and [21], p. 424).
If we denote by g the Lie algebra of G and by 91 the tangent space of the
submanifold {A\;, z € L} at 1 € G (cf. [26], Proposition 2.2) then identifying
M with £ one has (X,Y, Z) = [[X,Y], Z] (cf. [21], Proposition XI1.8.25). Using
[24], Theorem 2, we obtain that a differentiable local Bol loop L is flat if and only
if (X,Y,2) = [[X, Y],Z] =0 for all X,Y,Z € 9M. Since M generates the Lie
algebra g it follows from [21], p. 422 and p. 424, that g is a nilpotent Lie algebra

of class 2 and of dimension < n + ;L where n = dim L. Then a differentiable

local Bol loop L of dimension n is flat if and only if the group G is nilpotent of

class 2 and of dimension < n + g’)

Hence we have the following

THEOREM 3.8: A differentiable local Bol loop L of dimension n is flat if and
only if one of the following conditions is satisfied:
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() z-(y* 2)=y- (2%-y) for all z,y € L as far as defined.
(if) The group (topologically) generated by the left translations of L is a Lie

group of nilpotency class 2 and of dimension < n + (g) .

Let (L, o) be a differentiable flat local Bol loop and (G, -) the Lie group (topo-
logically) generated by the left translations of L. We denote by g the Lie algebra
of G and by 9 the tangent space of the submanifold {\;, z € L} at 1 € G.

We identify the group G of nilpotency class 2 with its Lie algebra g via the
exponential mapping. Then the flat local Bol loop L can be identified with an
open neighbourhood of 0 in M. Let be X7, X, € L C 9. We want to calculate
the power series expansion (¢X;) o (sX32) (t,s € R). If [X,X3] = O then the
power expansion is trivial. If X; and X, do not commute in the Lie algebra g
then they generate a 3-dimensional nilpotent Lie subalgebra a of g. The vectors
ey = X1, ea = X5 and e3 = [X7,X3] form a basis of the Lie algebra a such
that the multiplication in the corresponding subgroup A of G is given by the
Hausdorff-Campbell formula:

(uy,v1,21) - (u2,v2,22) = (Ul +ug,v1 +v2,21 t 22+ %(mvz - UZ'UI))-

Clearly te; and sey (t,s € R) generate a local subloop D of L which is an open
subset of Re; + Res C M. Let £ be the Lie algebra of the stabilizer K of 1 € D
in A. Since ¢ N Rez = {0}, the Lie algebra ¢ has the form & = R(ce; — fes + e3)
where a? + 32 # 0. The loop D can be represented on an open neighbourhood
of (0,0) of Re; + Rey by the multiplication

($1,$2) © (ylay2) = (21, 22)

where
(3?1,@2,0) ’ (yhyZ}O) E= (21,22,0) -E

From this we obtain the following system of equations:
(z1 4 y1, 22 + ¥2, 3 (2192 — T211)) - (B, =B, 1) = (21, 22,0)
for ¢, z1, 2o € R. This yields:

zn=z1+y +ta,
20 =Ty +y2 —tf,
0= 3(z1y2 — Tay1) + 1 — (@1 + y1)tB + (22 + y2)ta]



Vol. 105, 1998 LOOPS, CORES AND SYMMETRIC SPACES 319

or equivalently

a(T2y1 — T1Y2)
2 —B(z1+ 1) — alz2 +y2)’
B(z2y1 — T192)
2—B(z1+ 1) — alza +y2)

21 =1 +y1 +

(+)

29 =22+ Y2 —

Putting 1 = ¢, 22 = 0, y; = 0, y2 = s and using the power expansion

K3

1 _ . w
Q_w"ZQzH
1=0

we obtain the formula

o) o0

t t + )
(tX1) o (sX2) = t—atsz(ﬂ_;;%g_)_ X, + Sﬂ’tsz(ﬁ;—?ﬁ)— X,
1=0 =0
(++) :txl —+—5X2
L (k+l N
+ (—aX1 + fX)ts k;g SR ( h > (Bt)* (as)".

The coordinate functions A!(y1,y2) and A2(y1,y2) of the vector fields

Az(yhyZ) = (T(o,o)P(yx,Zh))Xz (l = 1,2)1

where p(y1,92): (z1,72) = (z1,22) o (y1,y2), can be calculated from the multi-
plication formula (+) by derivation:

Al= % Al = %
1= b} 2 !
Az, (z1,22)=(0,0) Oz, (z1,22)=(0,0)
15) 1)
A?= 7z and Al= 2
Oxy (z1,22)=(0,0) 22 (z1,22)=(0,0)
It follows that
Yo 1 iy
Al =1-—— A ) =,
(+++) l(y17y2) 92— ﬁyl — ay, Z(yl y2) 9 _ ,Byl — oy,
Az(yl y?) e L Az(yl y2) = 1 — ______g.yl_
nen 2- Py —ay’ TV 2— By —ays

Collecting the results of the above investigations we obtain the following
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THEOREM 3.9: Let L be an analytic flat local Bol loop of dimension n. Denote
by £ the Bol algebra of L, by G the nilpotent group (topologically) generated
by the left translations of L and by H the stabilizer of 1 € L in G. Then the
following holds:

(a) If g denotes the Lie algebra of G and $) the Lie algebra of H then £ is a
complement of §) in g. The ternary operation in £ is trivial and the binary
operation “” in £ is given by X; x X; = [X1,X3]g for all X1, X, € £,
where | , | denotes the Lie product in g and [X1, X2]g the projection of
[X1, X7] onto £ along $.

(b) Let X1, X2 be elements of £ with [X,, X2] # 0, let A(X,y,X2) be the 3-
dimensional local nilpotent Lie group generated by exptX; and exptXs
(t € R) and a(X1, X2) its Lie algebra. Identifying A(X1, X2) with a(Xy, X2)
and exptX, with tX, (i = 1,2) the multiplication (tX,) o (tX3) is given by
the formula (++) , where the real numbers o and 3 are determined by

a(Xl,Xg) n$yo = R(aXl - ﬂXz + [Xl,Xg]).

(c) The vector fields belonging to the tangent maps T 0)0(y1,y2): To,0)L —
Tyy 42y L with (y1,92) in the local subloop of L generated by exptX; and
expsXy (t,s € R) are given by the formula (+++) if we identify G with g
by the exponential map.

Added in proof: A more direct proof of Theorem 3.3 was given independently by
L. V. Sabinin in On the diassociativity of smooth monoalternative loops, Russian
Mathematical Surveys 51 (1996), 747-749.

References

[1] M. A. Akivis and A. M. Shelekhov, Geometry and Algebra of Multidimensional
Three-Webs, Kluwer Academic Publishers, Dordrecht, 1992.

[2] A. Barlotti and K. Strambach, The geometry of binary systems, Advances in
Mathematics 49 (1983), 1-105.

[3] V. D. Belousov, Foundations of the Theory of Quasigroups and Loops (Russian),
Nauka, Moscow, 1976.

[4] R. H. Brudk, A Survey of Binary Systems, Ergebnisse der Mathematik 20, Springer-
Verlag, Berlin—Géottingen—Heidelberg, 1958.

[5] M. Funk and P. T. Nagy, On collineations groups generated by Bol reflections,
Journal of Geometry 48 (1993), 63-78.

[6] G. Glaubermann, On loops of odd order, Journal of Algebra 1 (1964), 374-396.



Vol. 105, 1998 LOOPS, CORES AND SYMMETRIC SPACES 321

[7] H. R. Halder, Dimension der Bahnen lokal kompakter Gruppen, Archiv der
Mathematik 22 (1971), 302-303.

[8] E. Hewitt and K. Ross, Abstract Harmonic Analysis I, Springer-Verlag, Berlin-
Heidelberg—New York, 1963.

[9] G. Hochschild, The Structure of Lie Groups, Holden Day, San Francisco, 1965.

[10] K. H. Hofmann and K. Strambach, Topological and analytical loops, in Quasi-
groups and Loops: Theory and Applications (O. Chein, H.O. Pflugfelder and
J.D.H. Smith, eds.), Sigma Series in Pure Math. 8, Heldermann-Verlag, Berlin,
1990, pp. 205-262.

(11] S. N. Hudson, Topological loops with invariant uniformities, Transactions of the
American Mathematical Society 109 (1963), 181-190.

[12] S. N. Hudson, Transformation groups in the theory of topological loops, Proceed-
ings of the American Mathematical Society 15 (1964), 872-877; Errata, ibid 17
(1966), 770.

[13] M. Kikkawa, Geometry of homogeneous Lie loops, Hiroshima Mathematical
Journal 5 (1975), 141-179.

[14] E. N. Kuz'min, Malcev algebras and their representations (Russian), Algebra i
Logika 7 (1968), no. 4, 48-69.

(15] E. N. Kuz'min, Malcev algebras of dimension five over a field of zero characteristic
(Russian), Algebra i Logika 9 (1970), no. 5, 691-700.

(16] E. N. Kuz’'min, The connection between Malcev algebras and analytic Moufang
loops (Russian), Algebra i Logika 10 (1971), no. 1, 3-22.

[17] E. N. Kuz’'min, Levi’s theorem for Malcev algebras (Russian), Algebra i Logika 16
(1977), no. 4, 424-431.

[18] O. Loos, Symmetric Spaces, Vol. 1, Benjamin, New York, 1969.

[19] A.IL Malcev, Analytical loops (Russian), Matematicheskii Sbornik 36 (1955), 569-
676.

[20] P. O. Miheev and L. V. Sabinin, The Theory of Smooth Bol Loops, Friendship of
Nations University, Moscow, 1985.

(21] P. O. Miheev and L. V. Sabinin, Quasigroups and Differential Geometry,
Chapter XII in Quasigroups and Loops: Theory and Applications (O. Chein,
H.O. Pflugfelder and J.D.H. Smith, eds.), Sigma Series in Pure Math. 8,
Heldermann-Verlag, Berlin, 1990, pp. 357-430.

[22] D. Montgomery and L. Zippin, Topological Transformation Groups, Wiley Inter-
science Publishers, New York, 1955.

[23] G. D. Mostow, The extensibility of local Lie groups of transformations and groups
on surfaces, Annals of Mathematics 52 (1950), 606-636.



322 P. T. NAGY AND K. STRAMBACH Isr. J. Math.

[24] G. D. Mostow, Some new decompositions for semi-simple groups, Memoirs of the
American Mathematical Society 14 (1955), 31-54.

[25] P. T. Nagy, 3-nets with maximal family of two-dimensional subnets, Abhandlungen
aus dem Mathematischen Seminar der Universitdt Hamburg 61 (1991), 203-211.

[26] P. T. Nagy and K. Strambach, Loops as invariant sections in groups and their
geometry, Canadian Journal of Mathematics 46 (1994), 1027-1056.

[27] P. T. Nagy and K. Strambach, Sharply transitive sections in Lie groups: A Lie
theory of smooth loops, in preparation.

[28] R. D. Schafer, An Introduction to Non-associative Algebras, Academic Press, New
York, 1966.

[29] H. Scheerer, Restklassenrdume kompakter zusammenhingender Mannigfaltig-
keiten mit Schnitt, Mathematische Annalen 206 (1973), 144-155.



